For a positive integer N and A a subset of Q, let A-
Introduction
A Carmichael number N is a positive composite integer that satisfies a N ≡ 1 mod N; for any a with gcd(a; N) = 1: It follows that a Carmichael number N meets Korselt's criterion:
Korselt's criterion 1.1 ([12] ). A composite integer N > 1 is a Carmichael number if and only if p − 1 divides N − 1 for all prime factors p of N .
In [3, 10] , Bouallègue-Echi-Pinch introduced the notion of α-Korselt numbers where α ∈ Z \ {0} as a generalization of Carmichael numbers as follows. The α-Korselt numbers for α ∈ Z are well investigated last years specially in [2, 3, 6, 10, 11] . In [1] , Ghanmi proposed another generalization for α = α 1 α 2 ∈ Q \ {0} by setting the following definitions. (1) N is said to be an α-Korselt number ( K α -number, for short), if N = α and α 2 p − α 1 divides α 2 N − α 1 for every prime divisor p of N. 
The cardinality of A-KS(N) will be called the A-Korselt weight of N; we denote it by A-KW(N).
Carmichael numbers are exactly the 1-Korselt squarefree composite numbers. Further, in [8, 9] Ghanmi set the notion of Korselt bases as follows.
The cardinality of B-KS(B(α)) will be called the B-Korselt weight of the base α; we denote it by B-KW(B(α)).
The set Q-KS(N) is simply called the rational Korselt set of N.
In this paper we are concerned only with a squarefree composite number N.
After extending the notion of Korselt numbers to Q and in order to study the Korselt numbers and their korselt sets over Q, a natural query can be asked about the existence of some connections between the Korselt bases of a number N over the sets Z and Q\Z. The answer is affirmative for a squarefree composite number N with two prime factors. Indeed, if we look deeply at a list of Korselt numbers and their Korselt sets [ see Table 1 and Table 2 ], we remark the nonexistence of any squarefree composite number N with two prime factors such that Z-KW(N) ≥ 2 and (Q \ Z)-KS(N) = ∅. This inspired us to claim that such relation between Z-KS(N) and (Q \ Z)-KS(N) exists. The case when N is squarefree with more than two prime factors is still untreated. In order to display this (these) connection(s) we organize our work in this paper as follows :
-In Section 2, we give some numerical data showing connections between the Korselt bases of N over Z and Q \ Z.
-In Section 3, we prove that for each squarefree composite number N with two prime factors, some N-Korselt bases in Z generate others in the same set Z-KS(N).
-In Section 4, we show that for each squarefree composite number N = pq with two prime factors, each N-Korselt bases in Z \ {q + p − 1} generates a Korselt base in Q \ Z.
Preliminaries
The following data in Table 1 and Table 2 illustrate some cases for Korselt numbers and sets:
- Table 1 gives the set Z-KS(N) for numbers N = pq with p, q primes and p < q ≤ 53 such that (Q \ Z)-KS(N) = ∅.
- Table 2 gives, for each integer 1 ≤ i ≤ 7, the smallest squarefree composite number N i = pq with p, q primes, p < q < 10 3 such that Table 2 . The smallest N i = pq with p, q primes, p < q < 10 3 such that Z-KW(N i ) = i and (Q \ Z)-KW(N i ) be the smallest.
From Table 1 and Table 2 we remark that there is no squarefree composite number N with two prime factors such that Z-KW(N) ≥ 2 and (Q\Z)-KS(N) = ∅, this equivalent to establish the following result:
Moreover, it appear that for these numbers, the sets Z-KS(N) and (Q \ Z)-KS(N) are somehow related. To display this relation, we will show that each N-Korselt base in Z \ {p + q − 1} induces at least an other N-Korselt base in (Q \ Z)-KS(N). Hence, the Main Theorem will be deduced immediately.
For all the rest of this paper let p < q be two primes, N = pq and i, s be the integers given by the division algorithm of q by p:
Our work is based on the following result given by Echi-Ghanmi [6] .
Theorem 2.2. Let N = pq such that p < q, the following properties hold.
(4) Suppose that 3p < q < 4p. Then the following conditions are satisfied.
(a) If q = 4p − 3, then the following properties hold.
Connections in Z-KS(N)
By the following result, we prove that certain N-Korselt bases in Z induce others in the same set Z-KS(N). (2) If 3q − 5p + 3 ∈ Z-KS(N) then q − p + 1 ∈ Z-KS(N).
Proof. First, since q = 2p+s, the integer s must be odd and so s < p−1.
(
which is equivalent to s + 1 divides 2q(p − 1). As in addition s < p − 1 < q − 1 hence gcd(q, s + 1) = 1, and 2(p − 1) = q − 1 − (s + 1), it follows that
On the other hand β = q − p + 1 ∈ Z-KS(N) is equivalent to
which is equivalent to s + 1 divides p(q − 1). As in addition s < p − 1 hence gcd(p, s + 1) = 1, it follows that (2) Suppose that γ = 3q − 5p + 3 ∈ Z-KS(N). Then,
We consider two cases:
• If p = 3, then since s < p − 1, we have gcd(p, 3(s + 1)) = 1. 
Connections between Z-KS(N) and (Q \ Z)-KS(N)
The following result concern the case when q < 2p. Proof. As gcd(p, β) = 1 and by [6, Proposition 4] gcd(q, β) = 1, we have
The next two results, concern the case when p divides β. such that
As gcd(s, q) = 1, this is equivalent to
hence, there exist k 1 and k 2 in Z such that q − 1 = k 2 (i − 1) p − 1 = k 1 s As q = ip + s then k 1 q = ik 1 p + k 1 s = ik 1 p + p − 1, therefore (k 1 + 1)q − (ik 1 + 1)p = q − 1.
(4.1)
Let k = gcd(k 1 + 1, ik 1 + 1), α
So, we get by (4.1)
Now, let us prove that α 2 − α ′ 1 divides p − 1. First, note that
Since q − 1 = (i − 1)p + (k 1 + 1)s and i − 1 | q − 1, we deduce that i − 1 | (k 1 + 1)s. Further, as gcd(
(4.4) Now, by (4.2) and (4.4), we obtain
As in addition gcd(α ′ 1 , α 2 ) = 1, gcd(q, α 2 ) = 1 by (4.2) and α 2 = 1, we conclude that (k 1 + 1)q ik 1 + 1 ∈ (Q \ Z)-KS(N). 
Proof. If β = (i + 1)p ∈ Z-KS(N), then p − (i + 1)p | pq − (i + 1)p = p(q − 1) + p − (i + 1)p q − (i + 1)p | pq − (i + 1)p = q(p − 1) + q − (i + 1)p This is equivalent to i | q − 1 p − s | p − 1 hence, there exist k 1 and k 2 in N \ {0} such that
First, as s > 1 it follows that k 1 > 1. Since q = (i + 1)p + s − p, hence k 1 q = (i + 1)k 1 p − p + 1. Therefore, we can write
(4.5)
So, we get by (4.5)
Now, let us prove that
So, we deduce by (4.7) that
Now, by (4.6) and (4.8), we get
As in addition gcd(α ′ 1 , α 2 ) = 1 , gcd(q, α 2 ) = 1 by (4.5) and α 2 = 1, we deduce that
Now, it remains to prove that each N-Korselt base β ∈ Z generates an N-Korselt base in Q \ Z where gcd(β, p) = 1, 2p < q < 4p and β = q + p − 1. This is equivalent to discuss only the cases when β ∈ {3q − 5p + 3, 2p + q − 1 2 , q − p + 1}. It follows, by Corollary 3.2 that we restrain our work only for β = q − p + 1.
Assume for the next result, that 2p < q < 4p and gcd(q + 1, p) = 1.
Proof. First, if i = 3, then by Theorem 2.2, we must have q = 4p − 3 and so it's easy to verify that pq 2p − 1 is an N-Korselt base. Further, since gcd(pq, 2p − 1) = 1 and 2p − 1 = 1, we get pq
Now, suppose that q = 2p + s. Then s is odd and so s = p − 1. Assume that q − p + 1 ∈ Z-KS(N). Then s + 1 | p(q − 1). Since in addition, s < p − 1 hence gcd(p, s + 1) = 1, it follows that s + 1 | q − 1. Hence, by taking α 
